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LIST OF SYMBOLS 
c r o s s  sectional re ference  a rea ,  m2 
accelerat ion,  m / s e c 2  
bending moment,  m-kg 
var ia t ion of no rma l  force  coefficient with angle of attack, l / r a d  
r igid body cha rac t e r i s t i c  equation 
f i r s t  and second bending mode cha rac t e r i s t i c  equation 
f i r s t ,  second, third,  fourth bending mode charac te r i s t ic  equation 
cha rac t e r i s t i c  polynomial of open-loop plant 
IS) = D(-S) 
modulus of e las t ic i ty  at any station X , k g / m 2  
total  th rus t  of the vehicle, kg 
gravitational accelerat ion,  rn / s e  c2  
engine moment  of inertia,  kg-m-sec  2 
a r e a  moment  of iner t ia  of the c r o s s  section, m 4 
moment  of iner t ia  of the pitch plane, kg - sec2 -m 
t ime dependent coefficient 
length of beam, m 
total  m a s s  of the vehicle, k g - s e c 2 / m  
engine m a s s ,  kg - s e  c2 / m  
generalized m a s  s , kg - se  c2 /m  
body station i, m 
normal ized  displacement at station ai, unitless 
normal ized  slope a t  station "i, l / m  
direct ion no rma l  to reference ( 2 ), m 
angle of attack, r a d  
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t 
1L 
V 
X 
control  deflection angle command, r a d  
control  deflection angle, r a d  
cha rac t e r i s t i c  polynomial of the opt imal  s y s t e m  
damping r a t io  of the ith bending mode, unit less 
general ized displacement  of the ith mode, m 
attitude angle, r ad  
s ta te  var iable  
bending frequency of the ith mode, r a d / s e c  
moment  distribution along the length of the beam, k g - m / m  
mass distribution along the length of the bean, kg-sec2/  mz 
load distribution along the length of the beam 
dynamic p res su re ,  kg /m2 
general ized force  for  the ith mode, kg 
weighting fac tors  of the performance index 
total  th rus t  of control  engines (= 1 / 2  F), kg 
weighting factor  of theperformance index 
Laplace t r ans fo rm variable  
shea r  distribution along the length of the beam 
time, sec 
opt imal  feedback control  law 
velocity, m / s e c  
00 
or  the performance index (= 3 f (9 ,@'+4 ,  v i  c q 3  ?,'+ t-,&cz)dt,) 
0 
axial component of acceleration, m / s e c 2  
tangential  component of accelerat ion,  m/sec2 
fo rce  distribution over the length of the vehicle for  all fo rces  
acting upon the vehicle, kg /m 
d rag  force,  kg 
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Matr i ces  
F m a t r i x  of constants  that  define the interact ions among the s ta te  
var iab le  s 
G m a t r i x  of constants  defining the effect  of a control  on the 
s ta te  r a t e s  
H m a t r i x  t ransformat ion  on X that  defines the output, y=HX 
K feedback gain m a t r i x  
Q m a t r i x  of weighting f ac to r s  of the per formance  index 
R m a t r i x  of constants weighting the control  in  the per formance  index 
Subs c r  ipt  s 
CG center  of gravi ty  
C P  center  of p r e s s u r e  
e e ng ine 
i ith bending mode 
n s ta t ion  index 
P G  posit ion gyro 
R r ig id  body 
RG r a t e  gyro 
%f gimbal  point body station 
3Lq senso r  body s ta t ion 
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1 .0  INTRODUCTION 
The equations presented  in  this FDM w e r e  obtained for  use in  a p r o -  
g r a m  designed to investigate the application of opt imal  control  techniques to  
the control  of a highly e las t ic  launch vehicle. The work  was  per formed for  the 
George C. Marsha l l  Space Flight Center under Contract  NAS8-20067. The 
p r i m a r y  aim of the p r o g r a m  is the analysis  and synthesis  of a n  opt imal  control  
s y s t e m  for  controlling the bending modes of a n  elastic launch vehicle. 
The equations of motion for  the r igid body, the bending modes ,  and 
engine-actuator dynamics have been simplified to  reduce  their  complexity 
without significantly a l te r ing  the vehicle cha rac t e r i s t i c s  i n  the frequency range  
of in te res t .  
among the rol l ,  pitch, and yaw degrees  of f r eedom because of the s t r u c t u r a l  
and ine r t i a l  symmet ry  and because of the relat ively small aerodynamic sur faces .  
Therefore ,  the pitch and yaw motions can  be investigated separa te ly .  
to  symmetry ,  the equations of motion in  the yaw plane are the s a m e  as the 
equations i n  the pitch plane. 
F o r  the vehicle used i n  this investigation, t he re  is l i t t le coupling 
Also due 
In point-t ime investigations,  the forward  velocity is a s sumed  to be con- 
s tant  a t  the velocity of the nominal t ra jectory.  
of f reedom in  the pitch plane: 
2 show the pitch plane with each  pa rame te r  shown in  i t s  posit ive sense .  
Hence, t he re  are  two degrees  
rotation and no rma l  t ranslat ion.  F igu res  1 and 
The purpose of Sections 2 and 3 is to  provide insight to the t e r m s  in  
the equations,  to  the simplifications made,  and to  the vehicle 's  modes of mo-  
tion. Smal l  per turbat ion equations a r e  used for  the control  studies.  
only small deviations of pitch angle ( @ ) and angle of a t tack ( a ) i n  the plane 
of motion a r e  allowed about the nominal flight t r a j ec to ry  with the stabil i ty 
der iva t ives  and dynamic p r e s s u r e  assumed constant.  
Hence, 
In o rde r  to  descr ibe  the motions of the flexible vehicle, a modal  ap-  
p roach  is used. 
t ion of selected mode shapes.  
the mode shapes: 
1 .  
2. 
3 .  
The shape of the deflected vehicle is obtained by the s u m m a -  
Three assumptions were  made i n  determining 
the liquids in  the tanks were  considered r igid in the sectional 
mass distribution, 
the engines were  rigidly attached with the mass of the engines 
lumped at the engine center of gravi ty  body station, and 
the mode slope is constant af t  of the gimbal station. 
A s  shown in Table IV, the mode shapes a r e  normalized to  a value of unity at 
s ta t ion  0 and are computed so  that  there  is  no e las t ic  or  iner t ia l  coupling. 
However,  the flexible modes  a r e  aerodynamically coupled and coupled through 
the cont ro l  system. 
Finally,  Section 4 presen t s  an example of a n  optimal control  technique 
as appl ied to the control  of a highly elast ic  launch vehicle. 
only the first and second bending modes a r e  considered. 
w a s  se lec ted  and the closed-loop poles were  obtained. 
con t ro l  law was computed. 
In this example,  
A performance  index 
Finally, the feedback 
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2.0 SYSTEM EQUATIONS O F  MOTION 
2.1 PITCH ACCELERATION EQUATIONS 
The pitch acce lera t ion  equation about the center  of gravi ty  c a n  be de- 
If the torques acting on the vehicle are summed r ived  f r o m  F igures  l and 2. 
and then divided by the pitch plane moment of iner t ia ,  the following equation 
is obtained. 
The above equation a s s u m e s  that smal l  angle approximations are  valid (i. e.,  
s;np, I: PL, s / i ,  oc oc , etc. ). Since there  are no large aerodynamic 
lifting sur faces ,  the aerodynamic damping term ( D  
ligible and omitted. 
I QI is a s sumed  neg- 
The aerodynamic and iner t ia l  torques can be eas i ly  seen  in F igure  1 .  
Due to bending, the th rus t  (F)  does not a c t  along the G body axis. 
change in  the direct ion of the th rus t  introduces additional torques which are 
shown in  F igure  2. 
This  
F r o m  Figure  2, we c a n  sketch the following: 
/ 
9 
las t ic  Axis) 
' 1 ~  (Rigid Body Axis) 
\ / \ 
Sketch A 
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Sketch A shows the th rus t  i n  component f o r m  with the appropr ia te  moment  
a r m s .  Assuming small angle approximations (i. e. , sin x)rbl vi = Y,’ 
and C O S  Y,! = f ) ,  the following torques a r e  obtained: 
. 
L ( % b )  %? 
(+pJ fi 
When the control  engines  a r e  being deflected at a n  angular  accFlerat ion,  Fb , about the gimbal  pivots,  t he re  r e s u l t s  a n  ine r t i a l  torque ( 4I, PI. ). 
Sketch B 
This  i n e r t i a l  torque can be t r a n s f e r r e d  to the center  of grav i ty  of the vehicle.  
In  Sketch B, the ax ia l  and tangential  components of acce le ra t ion  caused  
by gimballing the control  engines a r e  shown. The component of force  due to 
the ax ia l  component of acce le ra t ion  is negligible compared  t o  the total  t h rus t  
(F)  and therefore  it was omitted. 
acce le ra t ion  is 
The component of force  due to the tangential  
4m, (%4- %e) i j L  
The pitching moment  about the center  of grav i ty  of the vehicle due to this  
i n e r t i a l  reac t ion  f o r c e  is 
4 (%G - (q - 36) P A  
The fac tor  4 i s  needed for the above two iner t ia l  to rques  because  four engines  
a r e  gimbal led together.  
In  addition to the above torques,  a control  torque I?’(%&- %p) /8 ,  i s  
gene ra t ed  when PL In  addition to  
the t h r u s t  vector ing torque,  a sma l l  torque i s  generated by the shift  in the en-  
gine m a s s .  
# 0 which is eas i ly  der ived f r o m  Figure  1. 
This  c a n  be der ived f rom Figure  2 or  Sketch C. 
F - X  
Assuming tha t  the axial  acce le ra t ion  (7) of the launch vehicle is in-  
v a r i a n t  with bending, then the accelerat ion of the engines is (+) F X  . The d i s -  
p l acemen t  (moment  arm) of the engine center  of mass is (%d- % o ) s i n ( / B L - Y j ( * l , a v i ) .  
Assuming that  small angle approximations a r e  valid, the torque due to engine 
d isp lacement  i s  F -  x I 
4 - m me ( ~ p - 9 6 )  (PL - Yi(sp) qi )  
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Data for  computing the coefficients of Equation 1 a r e  tabulated in  Tables  I, 11, IV .  
a x  i s) 
(r igid body a x i s )  
I 
Sketch C 
2. 2 ACCELERATION EQUATION I N  DIRECTION 
tained f r o m  Figures  1 and 2 by summing the fo rces  i n  the z direct ion and 
dividing by the total  mass: 
The acce lera t ion  of the center of gravi ty  i n  the z direct ion can  be ob- 
Equation 2 a s s u m e s  that small angle approximations a r e  valid. 
t e r m s  of Equation 2 account for the difference between the centrifugal and 
gravi ta t ional  acce lera t ions .  
f l i e s  a gravi ty  turn t ra jec tory  (i.  e . ,  a z e r o  lift o r  z e r o  angle of a t tack t r a -  
je  c tor  y) .  Therefor  e ,  
The l a s t  two 
Most  t ra jec tor ies  a r e  shaped such that the vehicle 
g sin 
V 
+ =  
and the l a s t  two t e r m s  of Equation 2 cancel.  
flown, these  two t e r m s  should be included. 
If this type of a t ra jec tory  is not 
Since will introduce an additional var iable  into the sys t em of equa-  
t ions which cannot be measured direct ly  and used in the synthesis  of a control  
sys t em,  it is des i rab le  to  eliminate it. This  can  be done by differentiating, .. 
with r e s p e c t  to  t ime,  the angular equation shown i n  Figure 1 and solving for  z , .. 5 = v($-0;) ( 3 )  
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. I  ,’ 
Velocity is constant  for  a point-t ime investigation. 
into Equation 2,  the z equation becomes  If Equation 3 is subst i tuted 
.. 
f r o m  Figure  1. 
Finally,  the bending t e r m  [-$-z Y,! ,ps)  71; )  
Section 2.1.  
ulated in  Tables  I, 11, and I V .  
The 4 and 2 t e r m s  w e r e  obtained f r o m  the z substitution. 
is eas i ly  obtained f r o m  Sketch A in  
The data  f o r  comhuting the coefficients of Equation 4 a r e  tab-  
2 . 3  BENDING EQUATION 
A typical  launch vehicle can  be r ep resen ted  by a nonuniform f r e e - f r e e  
beam with a r b i t r a r y  m a s s  and stiffness distribution. The loading on the ve-  
hicle can  be both s ta t ic  and dynamic, and the bending is a s sumed  to be in  the 
l a t e r a l  direct ion only. A f r ee - f r ee  beam with a r b i t r a r y  loading i s  shown in  
F igu re  3. The different ia l  re la t ionship between the deflection and the 
bending moment  M is 
The load dis t r ibut ion P(%) i s  equal to 
m 
7 
w h e r e  S (%I i s  the shea r  distribution, 
4 
Hence,  Equation 6 can be wr i t ten  as 
If M (a) D f  Equation 5 is substituted into Equation 8, the plane e l a s t i c  motion 
of the beam is descr ibed  by the  resul t ing pa r t i a l  different ia l  equation 
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I t  is now as sumed  that the m a s s  of the beam and i t s  e las t ic  p rope r t i e s  
can be considered separately.  
m a s s l e s s  e las t ic  body with m a s s e s  attached to it. 
ex terna l  fo rces  or  constraints  a r e  acting on the beam ( f r e e - f r e e ) .  Since the 
beam i s  moving in  f r e e  vibration, the b e a m  will  be loaded by ine r t i a l  fo rces .  
Therefore ,  
Therefore ,  the beam will be considered a 
Also,  i t  is a s s u m e d  that  no 
and Equation 9 becomes  
where  m(x) ,  I (x) ,  and E(x )  a r e  functions of x and m u s t  always be positive. 
The deflection 9 f r o m  the undeflected e las t ic  axis  is represented  by a Four i e r  
s e r i e s  of n o r m a l  mode functions: 
where  V; i s  the normal ized  displacement a t  station x and a; (t) is the gen- 
e ra l i zed  displacement of the i th mode. along the vehicle a r e  
tabulated in  Table I V  for  the f i r s t  four bending modes .  
i Values of Yi 
2.3.1 EXTERNAL LOADING 
If the vehicle is subjected to ex terna l  loading, W ( % ,  t )  , then Equation 
11 becomes  
(13) 
Now, i f  Equation 13 is multiplied by l$ , i t  becomes  
(2) 
Differentiating Equation 12 with respec t  to t ime ( t )  and x, we get 
and 
Substituting Equations 15 and 16 into Equation 14 gives 
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Assuming that w(x, t )  can  be r ep resen ted  i n  a manner  which is similar to  Equa-  
t ion 12, then 
Hence, Ki(t) is found to be I 
In  Refe rences  1, 2 and 3, the numera tor  of Equation 20 is cal led the genera l ized  
f o r c e ,  Q,(t), and is defined as being 
The denominator of Equation 20 is  called the general ized mass, M ;  , and is 
defined 
l? 
With these  two definit ions (Equations 21 and 22) ,  the forc ing  function (Equation 
18)  c a n  be wr i t ten  as 
Now Equation 17 is integrated along the en t i r e  length of the vehicle and Equa-  
t ions 21 and 22  a r e  substi tuted into the resu l t ing  express ion .  Dividing this  ex -  
J 
p r e s s i o n  by l M ( U )  Ya2 d a ,  a s e t  of s imultaneous bending equations i s  obtained 
i n  the f o r m  O (%) 
w h e r e  the na tura l  f requency of the ith mode is defined as being 
FDM No. 377 7 
F o r  all p rac t i ca l  purposes ,  t he re  a r e  small diss ipat ive f o r c e s  i n  the sys t em.  
However,  the ene rgy  diss ipated by these f o r c e s  is small when compared  with 
the e l a s t i c  ene rgy  of the sys t em.  
pative f o r c e s  provide i s  v e r y  small. Since th i s  damping does ex is t ,  it can  be 
included i n  Equation 24 as the following shows: 
The re fo re ,  the damping that these  d i s s i -  
where  the damping r a t i o  m u s t  be obtained f r o m  exper imenta l  data  (See Table 111). 
2.3.2 General ized M a s s  
A numer ica l  value for  the general ized m a s s  (Equation 22)  can  be ob- 
tained by represent ing  the m a s s  of the s y s t e m  as the s u m  of a d i s c r e t e  number 
of lumped m a s s e s  a t  s ta t ions along the x body ax is  of the vehicle.  
summa tion: a 
Knowing 
y; (%, , the integrat ion of Equation 22  can  be approximated by the following 
where  m(xk)  is the lumped m a s s  a t  s ta t ion Xk' 
will  depend on the number of lumped m a s s e s  shown. 
in tegra t ion  could be per formed and m o r e  accu ra t e  r e s u l t s  obtained. 
of 
The accu racy  of this  method 
Of cour se ,  g raphica l  
Values 
a r e  tabulated in  Table 111 for the f i r s t  four bending modes.  
2 .3 .3  General ized F o r c e  
The general ized f o r c e  
or ig ina tes  f r o m  a number of sources ;  
1. control  rocke t  th rus t ,  
2 .  iner t ia l  f o r c e s  of the gimballing rocke t  engines,  and 
3. aerodynamic  f o r c e s .  
resul t ing f r o m  ex te rna l  loading on the vehicle 
namely, 
Hence, the genera l ized  force,  Qi( t )  (Equation 2 1 ) ,  is the s u m  of the 
above t h r e e  sources :  
2.3.3. 1 Control  Rocket Thrus t  
The th rus t  of the control  rocke ts  is a s sumed  concentrated a t  the gimbal  
point (i. e. , stat ion xf l  ). With this assumption,  the l a t e r a l  f o r c e  which will  
cause  bending is Q ' s i n  . Assuming that  s;npL e ( r a d ) ,  the l a t e r a l  f o r c e  
due to the control  rocke t  t h rus t  is Q'P. . 
Substituting RIP' into Equation 21, the general ized fo rce  due to the 
con t ro l  rocke ts ,  Q;, (t) , i s  
Qip (t/ = 2' Yi(*/j A 
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can  be obtained f r o m  Tables  I and I V  respec t ive ly  
(Y/a 1 Values for  72’ and y; ( E ’ = ; / = ) .  
2.3.3.2 
The ine r t i a l  f o r c e s  due to gimballing the cont ro l  rocke t  engines  have 
Ine r t i a l  F o r c e s  of Control Rocket Engines  
a l r eady  been obtained i n  Section 2.1. 
Equation 21, the following general ized fo rce  is obtained: 
If this  i n e r t i a l  f o r c e  is subst i tuted into 
Q i P  (t) can  be  computed using the data in  Tables  I1 and IV.  
2 .3 .3 .3  Aerodynamic F o r c e s  
The n o r m a l  force  acting on the vehicle is usually given as a local  no r -  
mal fo rce  coefficient dis t r ibut ion ( 2Cg& / 3% ) along its length ( s e e  F igure  4). 
In  o r d e r  to  obtain the total  n o r m a l  force  der ivat ive,  i t  is n e c e s s a r y  to in tegra te  
with r e s p e c t  to x along the en t i r e  length of the vehicle.  
I 
F o r  this  study, the n o r m a l  force  der ivat ive was obtained by concentrat ing the 
n o r m a l  fo rce  coefficients a t  c e r t a i n  in te rva ls  and solving f o r  C as follows: 
?or. 
where  x is the s ta t ion where the local  no rma l  force  coefficient was  concen- 
t ra ted .  %ow, the no rma l  fo rce  due to angle of a t tack  is 
Substi tuting Equation 33 into Equation 21, the general ized fo rce  due t o  angle 
of a t tack ,  Q; ( t )  , i s  
It should be noted that the following aerodynamic t e r m s  have been omitted: 
1. 
2. 
the loca l  change in  angle of a t tack due to the bending of the 
vehicle , 
the aerodynamic damping f o r c e s  due to  the angle of a t tack  
changes caused by the following local  veloci t ies  which a r e  
n o r m a l  to  the aerodynamic velocity vector :  
a. r ig id  body angular velocity 
d dd, = - (%l- % C 6 )  v (35) 
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b. velocity of beam displacement 
2 . 4  ENGINE-ACTUATOR EQUATION 
The dynamics of the engine and actuator  were  obtained f r o m  Reference  
1 and are  presented  below. 
A detailed block d i ag ram of Sketch D is shown i n  F igure  5. 
were  given for  the express ions  shown in  F igure  5. 
were  given along with the following equation: 
No numer ica l  values 
However, F igu res  6 and 7 
2.5 BENDING MOMENT EQUATION 
There  are  two methods used to calculate the bending moment  at any 
s ta t ion xn: 
1. mode-displacement  method, and 
2. mode-accelerat ion method. 
For the mode-displacement  method, the equation used in  Reference  3 for ob- 
taining the bending moment  a t  station xn is 
As  noted i n  Reference 3, the mode-displacement  method is not accura te  when 
only a l imited number of modes i s  included and when the mass distribution is 
highly discontinuous. Since only the f i r s t  and second modes a r e  cu r ren t ly  be-  
ing examined and the mass distribution is  highly discontinuous, the mode-  
acce le ra t ion  method is used. In Reference 3 ,  the bending moment  a t  any s t a -  
tion (x,) using the mode-accelerat ion method is obtained by summing the mo-  
m e n t s  f r o m  the nose back along the vehicle to station xn. 
where  j = index of s ta t ions forward  of xn, i = modal index, and n = station 
index. 
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Values f o r  the coefficients of Equation 39 can  be computed using the data  i n  
Tables  I and I V  and the data  shown in F igu res  4 and 8. 
2 .6  ACCELEROMETER EQUATION 
Assuming no instrumentat ion dynamics ( the frequency of the acce le r  - 
ometer  dynamics is much higher than the modes of motion),  the acce le romete r  
equation at any station X @  can  be easi ly  der ived f r o m  Figure  2. 
2 . 7  POSITION AND RATE GYRO EQUATIONS 
The equation for  a position gyro  can be readi,y der ive(  
%# f r o m  Figure 2. 
for  any station 
The equation for the r a t e  gyro  (assuming no instrumentat ion dynamics)  can be 
obtained b y  taking the derivative of Equation 41 with r e s p e c t  to t ime.  Hence, 
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3.0 TRANSFER FUNCTIONS 
3 .1  RIGID BODY 
ing are  obtained: 
Using the data f r o m  Reference 1 and Equations 1 ,  4 and 37, the follow- 
C r a m e r ' s  Rule was  used to obtain the following t r ans fe r  functions: 
(4 = 
Q - 
Pc 9, 
DpR 
In  o rde r  to reduce  the complexity of the sys t em equations,  the following 
simplifications w e r e  incorporated in Equations 1 and 37. 
i ne r t i a  of the gimballed engines a r e  small when compared with the mass and 
i n e r t i a  of the total vehicle,  the coefficient 
(*cG - %#)me (x,u- *el +*e 
?Y,  
Since the mass and 
was  a s s u m e d  to be z e r o   me/^,,^, = .014  and I, /Iy = 55 x 10-6).  As a r e -  
sul t  of this  simplification, a pa i r  of z e r o s  a t  a f requency of 24. 7 r a d / s e c  are 
d iscarded .  These z e r o s  a r e  commonly called the "tail-wags-dog" z e r o s  and 
occur  at the frequency a t  which the ine r t i a l  fo rces  (d iscussed  i n  Section 2 .  1) 
r e su l t i ng  f r o m  the gimballing of the control  engines cancel the component of 
t h r u s t  no rma l  to the mis s i l e  axis  due  to  deflection of the engine chambers .  
The i r  effect on the r igid body mode is minor .  
The second simplification involves replacing Equation 37 with the fol-  
lowing fir s t -o rde r  equation: 
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This simplification r educes  the order  of the s y s t e m  by two. 
of the d iscarded  poles is 46.11 r ad / sec .  
frequency is wel l  above the frequency range  of interest .  
moved f r o m  s = -14.64 to s = -1 7 . 9  in o r d e r  to give a be t te r  representa t ion  of 
the magnitude and phase of the engine-actuator dynamics a t  the lower fre- 
quencies  (see F igures  6 and 7). 
The frequency 
The real pole was 
As can  be seen  f r o m  Table 111, this  
The th i rd  simplification a s sumes  that in  the pitch 
7 
acce lera t ion  equation is zero.  
ce le ra t ion  due to moving the mass of the engine i s  negligible when compared  
with the pitch acce lera t ion  due t o  the control  rocke ts ,  i. e . ,  
This assumption is valid because the pitch ac -  
F-x m, (sp- %e) Q'h -+ >7 > > 
=Y M I, 
With the above simplifications i rcorporated into the above equations, the 
r ig id  body sys t em equations are: 
f i  c M9pL 
The resul t ing simplified t r ans fe r  functions are: 
(45)  
Using the data in  Table I, the acce lerometer  equations a t  the following s ta t ions 
are: 
= - f 8 . 8 5  ~ 5 . 5 4 ~  t /0.93& at 
%$ = 22.7 
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In o rde r  to use a in the synthesis of the control  law ( s e e  Reference  4)J  3. i t  is n e c e s s a r y  to make a a function of a; and ,@" . Therefore ,  8 can  be 
replaced with the pitch acce lera t ion  equation (46).  t Hence, 
a 2 = (%# - zcG)(.0733cz - .45pL) +554ar t 10.93~' (50)  
Now, a t  the following stations,  the acce lerometer  equations a r e :  
3.2 FIRST AND SECOND BENDING MODES 
Substituting the data f r o m  Reference 1 into the s y s t e m  equations, the 
following a r e  obtained: 
(1 )  
(4)  
t Mode) 
(26 
( 3 7  
(Second Mode) 
Trans fo rming  the above equations into the s -domain  and applying C r a m e r ' s  
Rule  , the following t r ans fe r  functions a r e  obtained: 
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The complexity of the s y s t e m  equations with bending modes  can be reduced  
by incorporating the  th ree  simplifications presented  in  Section 3 . 1 .  
and the pitch accelerat ions due to bending are small and have a negligible ef- 
f e c t  on the location of the poles and zeros .  
considered ze r  0: 
Also, 3 
Hence, the following t e r m s  a r e  
F ( ~ c c  - %,u) 
I, 
Y,! ] = o  b,) 
- F 
m 
The engine m a s s  and iner t ia  t e r m s  of the general ized forcing function 
in  the bending equations may be neglected because they a r e  sma l l  compared  
with the total  mass and iner t ia  of the vehicle. Therefore ,  a s sume  
The resu l t ing  simplified s y s t e m  equations with the f i r s t  and second bending 
modes  a re :  
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The resul t ing t r ans fe r  functions a r e :  
where  
In o rde r  to  use cz in  the synthesis  of a control  law which includes 
T, and '/t e, 9 2, ' $ 2  J it is n e c e s s a r y  9 to make a (40 )  a function of d I @ , 2 , CY , zz , and 8' . $ can be F rep laced  with the simplified pitch 
acce le ra t ion  equation (57) .  
equation (59),  and 5' can be obtained f r o m  the second bending mode equation 
(60) .  Hence, 
f, can  be obtained f r o m  the f i r s t  bending mode 
16 FDM No. 377  
I ‘  . ,  
Using the data  in  Table IV ,  the a c c e l e r o m e t e r  equation is computed for 
f ive stations:  
3.3 FIRST FOUR BENDING MODES 
Using the s implif icat ions of Section 3. 3, the s y s t e m  equations with 
f o u r  bending modes  a r e :  
The resu l t ing  t r ans fe r  functions a r e :  
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where 
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4.0 APPLICATION O F  OPTIMAL CONTROL THEORY 
TO CONTROL A HIGHLY ELASTIC VEHICLE 
The technique presented  in  this sect ion is the s a m e  as shown i n  Ref -  
e r e n c e  4. Rynaski  i n  Reference  4 denotes that the objective of l inear  op t imal  
design is to  provide a s y s t e m  that  will give a rap id  and smooth r e sponse  to  a 
dis turbance o r  a command input, guarantee s y s t e m  stabi l i ty ,  and i n c r e a s e  the 
damping of the bending modes . 
4.1 PERFORMANCE INDEX AND CLOSED-LOOP POLES 
The equat ions of motion (57, 58, 59, 60, 45) with the f i r s t  and second 
bending modes  a r e  r ewr i t t en  below in f i r s t - o r d e r  form:  
o r  
0 0  0 0 
0 0 1 4 5  -5.37 
0 0  0 0 
0 0 2.36 0 
0 0  0 0 
0 
0 
0 
! 
. O S 3  
0 
0 
0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 f 
' 31.8 -. 034 
0 0 
15.83 
0 
22.77 
- tz9  1 
The performance  index chosen is 
a 
f q  I " +  ?-/4y)dt  z v =  / (4, g2+ 92 7t;' 5 t  
0 
(77)  
Khe dynamic var iab les  
cause  they a r e  d i rec t ly  assoc ia ted  with the bending mode motion. 
5, the mul t ivar iab le  roo t  square locus expres s ion  
y, and qz a r e  included in the per formance  index be -  
In Reference  
gives  the closed-loop poles a s  a function 
pe r fo rmance  index. 
of the weighting f a c t o r s  ( si ) of the 
I is a n  identity m a t r i x  
H is a m a t r i x  of numbers  that defines the output of the sys t em,  
Q is a m a t r i x  of weighting fac tors  of the per formance  index. 
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F o r  this  problem,  
0 :I [% 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 /-i= 
1 = 
and 
In Equation 78, 
and 
Therefore ,  
o r  
Expanding Equation 86, the following is obtained: 
(79)  
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There fo re  Equation 78 is 
9, d 0 4 3  Vf T? 92 72 ’ 2‘a 
1 + - - (s)--(-s)s - - (s)-(4) + -- ( 5 )  - ( - 6 )  = 0 (87)  
A P c  r- /4 f l c  9- A p c  
where 
@ 
- Cs) is the pitch angle t ransfer  function Pc 
( 6 3 )  
( 6 4 )  
3 (s) is the first bending mode var iable  t r ans fe r  function 
2 ( 5 )  is the second bending mode var iab le  t r ans fe r  function 
Pc 
/sC 
I To make  a roo t  square  locus plot, i t  is des i rab le  to put Equation 8 7  in  roo t  
locus form.  
87 by: 
F i r s t ,  multiply and divide the third and fourth t e r m s  of Equation 
Q2 ‘Iz ?Z 
Bc (-5) 
-
f pe (5) - 
Hence, 
In o r d e r  to obtain the closed-loop poles of the system, th ree  root  loci  m u s t  be 
plotted. The f i r s t  roo t  locus is given by 
Substituting Equations 63 and 64 into Equation 90 yields the following expression:  
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The f i r s t  locus 
tained a t  (l3/qz = 
.. 
42 
et 
1 4  - 
where 
s shown in Figure 9. 
0.5. 
The maximum damping r a t i o  was  ob- 
The second locus i s  given by: 
Hence, Equation 92 is 
21.99) 
= o  
Z(. 39) 
I +  
The second locus i s  shown in F igure  10. 
used fo r  the third locus so that the pole originating f r o m  the open-loop r igid 
body pole will  be a t  a frequency that is  l e s s  than 1 r a d / s e c .  
values  of q 2 / q ,  the bending mode damping may not be obtainable. 
The roots  for  a gain qL/q = 4 are  
Also ,  for  g r e a t e r  
The third locus descr ibes  the closed-loop poles of the optimal s y s t e m  
and i s  given by 
Hence Equation 93 i s  
The third locus i s  shown in Figure 1 1 .  F r o m  Figure  1 1 ,  i t  can  be seen  
tha t  good damping of the f i r s t  two bending modes can be obtained using l inear  
op t imal  ana lys i s  techniques. 
damping can be chosen for  a value of q,/r . 
and let r = 1 .  Then 
By observing Figure  11, a des i rab le  level  of 
F o r  example,  choose s i  / r  = 20 
% = 20 
42 = 80 
g5 = 40 
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and the per formance  index becomes  
Q) 
2 V  = / ( z o @ z t 8 0 ~ 2 +  C O t , ' t &  2)dt 
0 
The closed-loop poles a r e  
(94 )  
4.2 FEEDBACK GAINS AND OPTIMAL CONTROL LAW 
The opt imal  control  law is of the f o r m  
& =  4% 
and the closed-loop optimal s y s t e m  becomes 
+ = ( F - G &  
and the cha rac t e r i s t i c  equation i s  
I I s - F +  G,Cl = O  
where  
Equation 98  is then 
S 
0 
*OW5 
0 
0 
0 
0 
f7.9 IC, 
0 
-. 0733 
st.0107 
0 
-545 
0 
-2.36 
1% 9 hi3 
0 0 
0 0 
0 0 
- t  0 
st.0563 0 
0 S 
0 31.8 
fY9u,  f 2 9 4  
0 
0 
0 
0 
0 
- 1  
s t , OS64 
17.9 4 
= o  
Expanding the above express ion  and comparing like coefficients of Equation 95 
r e s u l t s  in  the following: 
gf = -6.5929 /c., = -4 .6841 k; = 3.1998 g+ = .058693 
zz = .01716 = .00916 k7 = .002555 = . 1246 
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With these feedback gains,  the feedback control  law becomes  
iL = -,&9 = 6.5929@ + 4.6841 4 - XI9986 -.858693~, 
- . m r 6  f - .009f6  - .00255Sfz - J 2 4 6 f i  
1 
(99 )  
Of the state var iab les  in  the control law (Equation 99),  only pL 
s u r e d  directly.  
Reference 4. 
can  be m e a -  
Two methods for  synthesizing the control  law are presented  in 
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TABLE I 
TRAJECTORY DATA AT t = 80 SECONDS (REFERENCE 1)  
F 
x = 227, 178 kg 
m = 266051.2 kg - sec2 /m 
Q = 3841 k g / m  
v = 519.3 m / s e c  
bf = 1.767 
= 5, 819, 805 kg 
2 - 
= 4.83 l / r a d  
c L , . , 6 7  
A = 79.5 r n 2  
Xcp = 53 m 
X C ~  = 41.5 m 
I9 = 252 x 10 6 kg-m-sec2 
TABLE I1 
ENGINE DATA (REFERENCE 1)  
le 
me = 925.07 k g - s e c 2 / m  (one engine)  
%e = 1.33858 m 
%p = 2.54 m 
R' = 1 / 2  F 
= 3456.38 kg-m-sec2 (one engine, pi tch o r  yaw) 
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TABLE I11 
BENDING DATA AT t = 8 0  SECONDS (REFERENCE 1)  
Bending Frequency  Damping Genera l ized  Mass  
Mode Rat io  
(rad / se c )  (kg - s ec2  / m )  
F i r s t  2.317 .005 170, 748.1 
Second 5.639 .005  115, 674.3 
Third 9.179 .005  98, 114. 7 
Fourth 12.5 .005  565, 743.8 
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TABLE I V  
NORMALIZED DISPLACEMENTS AND SLOPES 
A T  t = 80 SECONDS (REFERENCE 1 )  
Y: - 
,03563 
.03569 
.03573 
.03590 
.03619 
.03642 
.03657 
.03643 
.03619 
.03590 
,03626 
.03554 
,03472 
.03317 
.03270 
.03214 
.03150 
.03079 
.03002 
.02929 
.02851 
,02768 
.02682 
.02591 
Location y2 
1.0 
,90509 
.80950 
,71321 
.61403 
.51220 
.40870 
.30541 
.20423 
. lo583 
.00796 
-. 08870 
-.17730 
-.24862 
-.31244 
-. 36944 
-.41899 
-.46063 
- .49416 
-.52120 
-. 54258 
-. 55838 
-.56867 
-. 57356 
o m  
2.54 
4. 54 
6.54 
8.54 
I O .  54 
12.54 
14.54 
16.54 
18.54 
20.54 
22.54 
24.54 
26.54 
28.54 
80.54 
32.54 
34.54 
36.54 
38.54 
40. 54 
42.54 
44. 54 
46.54 
yi 
.04727 
.04764 
.04788 
.04878 
.05033 
.051428. 
.05197 
.05118 
.04995 
,04839 
.05016 
.04641 
.04208 
.03349 
.03026 
.02669 
.02283 
.01878 
,01495 
.01210 
.00929 
.00652 
.0037 9 
.00111 
y 1 
1.0 
.92869 
.857 25 
". 78569 
.71359 
1 ., .64096 
.56795 
,49493 
.42230 
.35020 
.27818 
.20636 
.13608 
.06905 
.00317 
-.06168 
- .12534 
-.18764 
- .24844 
-. 30776 
-. 36556 
-. 42176 
-.47627 
-. 52900 
y3 
1.0 
.88583 
.76990 
.65226 
.52773 
.39729 
.26381 
.13163 
.00446 
-.11612 
-. 23514 
-. 35094 
-.44804 
-.50418 
- .53929 
- .55543 
- ,55221 
-.52993 
-. 48992 
-. 43829 
-. 37832 
-.31121 
- .23820 
-.16048 
1.0 
.87095 
.73864 
.60333 
.45623 
.29982 
.13990 
-.01645 
-.16423 
-.30095 
-.43455 
-. 56208 
-.65878 
-. 68654 
m.67400 
-. 62599 
m.54436 
-.43279 
-.29691 
-.14774 
-.00882 
.16969 
.33177 
.49199 
,06362 
.06544 
.06654 
.07037 
.07634 
,07961 
.07977 
.07625 
,07133 
.06519 
.07078 
.05644 
.03952 
.00267 
-.01522 
-, 03265 
-.04869 
-.ob248 
-.07223 
-.07670 
-.07962 
-.08101 
-. 08084 
-.07914 
y; 
.OS660 
.OS7 58 
.05818 
.06038 
.06397 
.06625 
.06695 
.06498 
.06207 
.OS840 
.06215 
,05346 
.04330 
.02215 
. 0 1  288 
.00324 
- ,00643 
-.01577 
-. 02353 
-. 02800 
-. 37832 
-. 0351 3 
-. 03779 
-. 03983 
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TABLE I V  ( C O N T I N U E D )  
Yi 
-02518 
ocat ion y2 y; y3 
-.57065 -.00443 -.06234 48.54 
50.54 
52.54 
54. 54 
56.54 
58.54 
60.54 
62.54 
64.54 
66.54 
68.54 
70.54 
72.59 
74.54 
76.54 
78.54 
80.54 
82.54 
84. 54 
86.54 
88.54 
90.54 
92.54 
94.54 
,68639 
.88844 
1.06395 
1.19367 
1,29210 
1.33109 
1.26940 
1.10849 
,87274 
.59997 
Yl 
- .58057 
- .62880 
- .67 258 
-.71176 
- .74704 
v.77778 
- ,80310 
-. 82290 
- .83757 
-. 84787 
-. 85393 
- .85583 
- .a5363 
0.84744 
- ,83736 
- .82348 
-. 80264 
-.77160 
-.73244 
-. 68494 
-. 6277C 
-. 5589C 
-.4778: 
- .3851: 
-.lo592 
-.09562 
-.07167 
-.05759 
-. 04040 
.00517 
.05629 
. lo381 
,12800 
,14430 
.O2303 
-02055 
.(I1863 
.01662 
-01403 
,01128 
-00852 
-00623 
.00409 
.00198 
-. 00008 
-.O0210 
-.o0408 
- .00600 
-e00787 
-.01319 
-.01776 
-. 02155 
-.02606 
- ,03133 
-.03751 
-.04351 
-.04911 
-.55620 -.01001 .05015 
-.53078 -.01504 .16377 
-.49622 -.01950 .26953 
-.45282 -.02389 ,37264 
-. 39924 -. 02985 .46701 
w.33364 -.03566 ,54309 
w.25705 -.04082 ,59754 
-.17121 -.04471 .63371 
-.07861 -.04783 .65986 
.01983 -.05054 .67642 
.12327 -. 05283 .68350 
.23087 -.05471 .68132 
.34i8i - . o m 7  .67oia 
.45525 - .057 21 .65045 
.57039 -.05786 .62257 
.70000 -.06906 .57488 
.83839 -.06921 ,50475 
.97139 -. 06402 .42347 
1.09510 -.05962 .3330i 
1.20939 - .05441 .2313C 
1.31055 -.04666 .11574 
1.39530 -.03796 -.01385 
1.46270 -.02997 -.1536: 
-. 05526 
- .05702 
-. 05317 
-. 05242 
-. 05051 
- .04300 
. .03284 
-, 02146 
-. 01549 
-. 01067 
-. 00590 
-.00120 
.00336 
,00775 
.01194 
.01590 
.03104 
.03892 
,04265 
.04791 
. o m 8  
.06161 
.06767 
.0719i 
-1.87573 
-2.33486 
-2.73004 
-3.03430 
-3.24263 
-3.31212 
-3.20899 
-2.94327 
Y4 I y: I 
.23626 
.22220 
.17419 
,12935 
.07633 
-, 00799 
-.09493 
-.16361 
.29760 
-. 02828 
-. 37143 
-.72561 
-1.08458 
-1.44224 
.15759 
.16779 
.17487 
.17882 
.17968 
.17752 
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T A B L E  I V  (CONCLUDED)  
y i  
-.05433 
-,05923 
-.06380 
-.06806 
-.07199 
-. 07560 
-.08271 
-.09089 
- .09823 
-.lo472 
-.lo988 
-. 11403 
-.11818 
-.12191 
-.12577 
-.13091 
-.13557 
- . 1 388 8 
- .14106 
-.14251 
-.14342 
-.14376 
-.14358 
-.14333 
-.14306 
x a  t ion 
96.54 
98.54 
100.54 
102.54 
104. 54 
106.54 
108.54 
I IO.  54 
112.54 
1 14.54 
I 16.54 
118.54 
120.54 
122.54 
124. 54 
126.54 
128.54 
130.54 
132.54 
134. 54 
136.54 
138.54 
140.54 
142.54 
144.54 
y2 
1.51575 
1.55482 
1.57966 
1.59013 
1.58619 
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1.23315 
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I .84921 
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.33288 
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- 1.07 344 
-1.50403 
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.37471 
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1.53502 
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2.00746 
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4.477 23 
4.76411 
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y: 
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-.01599 
- .00884 
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.'00557 
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. .12927 
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.23363 
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2.08852 
2.63014 
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y4 
-2.56652 
-2.09945 
-1.55606 
-.95108 
-. 29982 
.38205 
1.'09672 
1.93131 
2.72556 
3.44045 
4.01787 
4,29693 
4.37131 
4.27669 
4.00599 
3.51170 
2.68403 
1.52149 
.08470 
-1.55685 
.-3.33877 
-5.20052 
-7.08634 
-8.95187 
-10,79460 
y; 
.07486 
.07638 
.07651 
.. 07529 
.07 278 
.06905 
.07299 
.05716 
,03933 
.01901 
- .01204 
- .047 25 
-. 07015 
-, 09189 
-. 11559 
-. 14838 
-. 18655 
-. 21725 
-. 24010 
-. 25607 
-. 26621 
-.27072 
-. 26988 
- .26773 
-. 26476 
yk 
-.2121% 
-.25385 
- ,28839 
-.31539 
- .33464 
-. 34600 
-.42140 
-.41047 
-.38067 
-.33117 
-. 22122 
-. 07974 
.00523 
08937 
,18490 
.32192 
,50219 
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.77567 
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,81591 
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.93885 
.92335 
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Vf = open-loop gain 
lu, 
g~ 
ML = effective load mass 
.BL 
pc = actuator command 
= valve p r e s s u r e  feedback gain 
= effective hydraulic spr ing constant 
= effective load spr ing  constant 
= r e a l  damping a t  gimbal  
= actuator  output 
= control engine gimbal  angle PL 
(Taken  f r o m  Reference 1) 
4 w 
F D M N o .  3 7 7  35 
I Q  
+ 
+ 
-+ 
N 
v, 
+ 
m 
v, 
La=- * -+ - * 
n 
F D M N o .  3 7 7  36 
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